This paper establishes mean value results for multiplicative functions satisfying f(pe) = pe~Xf(p) as well as certain conditions on the differences/(/>) -p.
p\k\ f < -P + 1 / E. Landau [8] proved (4) with k = 1. E. C. Titchmarsh [10] first proved (4) for arbitrary k using complex analysis. T. Estermann [6] and E. Landau [9] made improvements by elementary methods. Proof.
Thus the series (1) is absolutely convergent. □ If / is a positive multiplicative function such that f(p) tends to infinity as p tends to infinity and/(/?e) = pe~xf(p), it is clear that/(/?*) tends to infinity as pe tends to infinity. Then f(n) tends to infinity with n. Let B(x) denote the number of positive integers n such that/(«) < x. If the series (1) is absolutely convergent we know that (2) holds for k = 1, so that n/f(n) has the mean value A, where ?0+rá-¿> Thus we would expect the number of n for which /(/?) < x to be about the number of n for which n/A < x, which is [Ax]. Thus we would expect that x~x B(x) tends to A as x tends to infinity. We will prove that this is true under a slightly stronger hypothesis. It is easy to see that the convergence of the series (5) implies that f(p) tends to infinity with p.
Since (1 + f(p)~s -p~s) tends to one as p tends to infinity for Reí > 1, the absolute convergence of the series zii+firr-t-'rf^-tMM) p \ P Rp) / follows from the absolute convergence of (5) (1 -us)e~usdu
where we have assumed p large enough so that f(p) > 1. Thus logarithmic differentiation shows that P is difierentiable at s = 1. Now we note that for Reí > 1, Combining (6) and (7) Combining (8) and (9) we see that f™ e-s»C(u)du-f^\=l-(c(0)-P(\)-2 bme-°l0*c-+ h(s)\ Now the Wiener-Ikehara Theorem, whose proof is in [11] , implies that lim x~xB(x) = lim e~xC(x) = P(l),
which is the desired conclusion. D where A(x) is the number of n with tj>(«) < x. Erdös [5] first proved that x~x N(x) has a finite limit as x tends to infinity. Once the existence of the limit is known it is easy to evaluate.
